Composed of shocked solar wind, the Earth's magnetosheath serves as a natural laboratory to study the transition of turbulences from low Alfvén Mach number, M A , to high M A .
INTRODUCTION
Characterized by disordered fluctuations over a large range of scales, space plasma turbulence is of great importance in space physics due to its ubiquitous role in converting the fluctuation energy from large scales to small scales and eventually dissipating in collisionless magnetized plasmas (Schekochihin et al. 2009; Bruno & Carbone 2013) . To measure and study the multiscale nature of turbulence, one of the most common and insightful ways is via the power spectral density (PSD) of the turbulent fluctuations. From that perspective, the PSD of magnetic turbulence in the solar wind can generally be characterized by four distinguishable dynamical ranges of scales (e.g. Alexandrova et al. 2009; Sahraoui et al. 2009; Alexandrova et al. 2013; Bruno & Carbone 2013; Goldstein et al. 2015; Huang et al. 2017 , and the references therein):
(1) a scaling of ∼ f −1 in the energy-containing range; (2) a scaling of f −5/3 (Kolmogorov 1941) or f −3/2 (Iroshnikov 1964; Kraichnan 1965) in the inertial range or at magnetohydrodynamics (MHD) scales; (3) a scaling of ∼ f −x at sub-ion scales with a broader range of slopes, x ∈ [−3.1, −2.3]; (4) even steeper scaling at electron scales.
The Earth's magnetosheath is a highly turbulent region bounded by the bow shock and the magnetopause.
For the magnetic energy spectra in the magnetosheath, some similarities with that in the solar wind have already been showed in previous studies (e.g., Alexandrova et al. 2008a; Riazantseva et al. 2017; Chhiber et al. 2018) , for example, the existence of the ∼ f −1 scaling at large scales and the Kolmogorov spectral index 5/3 at MHD scales (Alexandrova et al. 2008b; Huang et al. 2017; Chhiber et al. 2018) , broad range of slopes, [-4, -2] , at sub-ion scales (Czaykowska et al. 2001; Alexandrova et al. 2008b; Šafránková et al. 2013; Huang et al. 2014; Chen & Boldyrev 2017; Zhu et al. 2019) , and steeper spectra at electron scales (Matteini et al. 2017; Macek et al. 2018) . However, due to the existence of multiple origins of waves and instabilities (Fairfield et al. 1976; Omidi et al. 1994) , magnetosheath turbulence is more complicated than that in the solar wind. Firstly, the bow shock and the magnetopause are found to influence the magnetosheath turbulence properties (Gurnett et al. 1979; Rezeau & Belmont 2001; Sahraoui et al. 2006; Rakhmanova et al. 2018a ).
Secondly, strong temperature anisotropy generally observed in the magnetosheath can theoretically generate various instabilities under different conditions, likely the Alfvén/ion-cyclotron instability, the mirror-mode instability, the fast magnetosonic/whistler instability, and the fire-hose instability (Southwood & Kivelson 1993; Quest & Shapiro 1996; Gary et al. 1998; Hellinger & Matsumoto 2000; Guicking et al. 2012; Kunz et al. 2014; Verscharen et al. 2016, e.g.,) , which is verified by plenty of studies (e.g, Anderson & Fuselier 1993; Anderson et al. 1994; Schwartz et al. 1996; Lucek et al. 2001; Czaykowska et al. 2001; Sahraoui et al. 2006; Chen & Boldyrev 2017; Vörös et al. 2019; Teh & Zenitani 2019; Zhao et al. 2019a,b) . Thirdly, other turbulent fluctuations related to local structures, e.g. current sheets, magnetic islands and vortices, can further complicate the magnetosheath turbulence picture (e.g., Alexandrova et al. 2008a; Karimabadi et al. 2014; Huang et al. 2018 ). In addition, the turbulence properties are also found to be different in the quasi-parallel and quasi-perpendicular magnetosheath (e.g., Czaykowska et al. 2001; Shevyrev et al. 2007; Macek et al. 2015; Breuillard et al. 2018; Rakhmanova et al. 2018b) In the Earth's magnetosheath, the solar wind reduces from supersonic to subsonic after crossing the bow shock, and returns to supersonic in the flanks. Thus, it is a good environment to investigate the evolution of turbulence from a small Alfvén Mach number to a large Alfvén Mach number. However, the spatial evolution of magnetosheath turbulence has not been comprehensively addressed except for a few studies. Based on case study, the intermittency of plasma turbulence is found to get stronger and anisotropic away from the bow shock (Yordanova et al. 2008) , and the break frequency of ion-flux spectra is found to evolve to higher frequencies approaching to the magnetopause . From a statistical perspective, Guicking et al. (2012) observed a decay of wave intensity of low-frequency magnetic fluctuations along the streamlines in the Earth's magnetosheath, which quantitatively agreed with the theoretical concept of freely evolving/decaying turbulence; Huang et al. (2017) found that the ∼ f −1 spectral scaling of magnetic spectra at MHD scales is more likely be found in the vicinity of the bow shock, while the Kolmogorov-like scaling at MHD scales is observed away from the bow shock towards the flank and magnetopause regions.
Moreover, the spectral scaling at sub-ion scales flattens from the bow shock to the flank and the magnetopause. Similar results are obtained for the ion-flux spectra in the dayside magnetosheath Rakhmanova et al. (2018a,b) .
Due to the limitation of the time-resolution of plasma instruments, the spatial evolution of turbulence spectral properties in the magnetosheath is rarely addressed for the magnetic field, ion density and velocity fluctuations simultaneously. NASA's Magnetospheric Multiscale (MMS)mission measures the magnetic field and plasma moments with unprecedented high-time resolutions in the magnetosheath (Burch et al. 2016) , which provides us a great opportunity to perform a statistical study on the turbulence evolution in the magnetosheath both at MHD scales and at sub-ion scales. Based on 1841 burst-mode segments of MMS-1 observations from 2015/09 to 2019/06, a comprehensive study of turbulent spectral indices in the dayside terrestrial magnetosheath from MHD scales to sub-ion scales is performed in this study. More attentions are paid on the evolution of the spectral indices and break frequencies in the magnetosheath from sub-solar region to the flanks, and from the bow shock vicinity to the magnetopause. In addition, the comparison of the quasi-perpendicular and quasi-parallel magnetosheath is also given.
DATA SET AND METHODOLOGY
The high temporal-resolution data provided by MMS mission enable us to probe magnetosheath fluctuations from MHD scales down into sub-ion scales (Pollock et al. 2016) . The magnetic field is measured by the Fluxgate Magnetometer (FGM) (Russell et al. 2016) , and the particle moments are obtained by the Fast Plasma Investigation (FPI) instrument. For burst-mode, the temporal-resolution of FGM and FPI (for ion) is 1/128 s and 0.15 s, respectively. We conduct a statistical survey of spectral parameters of magnetosheath turbulences based on 1841 segments of burst-mode data of MMS-1 spacecraft from 2015/09 to 2019/06, with the magnetic, density, and velocity fluctuations simultaneously investigated both at MHD and at sub-ion scales.
To study the spectral parameters of magnetosheath turbulences, the omnidirectional magnetic spectrum, the ion density spectrum, and the omnidirectional ion velocity spectrum are firstly obtained by performing a Fast Fourier Transform (FFT) on each burst-mode data segment. To make sure the power spectral density (PSD) is not contaminated by measurement uncertainties, a threshold for the signal to noise ratio (SN in dB) is defined to be 10 as done by (Sahraoui et al. 2013) . For the FGM measurement in the magnetosheath, this constraint is generally satisfied because the SN is always larger than 10 for all the frequencies (Chhiber et al. 2018) . For the particle moments, the SN can be calculated from the FPI data products. SN = 10 log 10 δX 2 δX 2 sens (1)
where δX and δX sens are, the the amplitude of the fluctuation and the level of the sensitivity floor at the spacecraft-frame frequency, f sc .
For single-spacecraft measurements, the Taylor hypothesis is widely used to convert observed timescales to length scales, assuming fluctuations cross the spacecraft at a velocity faster than the dynamical timescale of interest. The Taylor hypothesis is usually satisfied in the solar wind, while in the magnetosheath it could be broken under two major conditions Klein et al. 2014) : (1) the slow flow with V sw /V A < 0.3, where V sw and V A are the solar wind speed and Alfvén speed, respectively; (2) the dispersive regime where whistler turbulence dominates. Based on our statistical survey, the slowest flow is in the downstream of the bow shock nose as expected, and V sw /V A is typically larger than 0.6. In addition, the dispersive whistler wave is generally beyond the scales discussed here. Thus, the Taylor hypothesis can be generally satisfied in our study.
The PSDs of physical parameters in the magnetosheath usually steepen at kinetic scales, which is related to the ion characteristic scales, e.g., f ρi and f di (Galtier 2006; Schekochihin et al. 2009; Chen et al. 2014; Safránková et al. 2015) . f ρi , = V sw /2πρ i , and f di , = V sw /2πd i , are the Doppler-shifted frequencies corresponding to the proton gyro-radius, ρ i = V th⊥ /Ω i , and the proton inertial length,
For simplicity, the break frequency, f b , is automatically determined by minimizing the chi-square value of two-stage power-law fitting performing on the PSDs. Several spectral shapes at the scales of transition from MHD to kinetic regimes have been proposed, such as some bumps or plateaus Riazantseva et al. (2017) ; Rakhmanova et al. (2018b) . To reduce resultant interferences, the spectral indices at MHD scales (α 1 ) and
at sub-ion scales (α 2 ) are obtained from the linear least-squares fitting of PSDs over two separated frequency bands. Here, V th⊥ = 2k B T i⊥ /m i is the perpendicular thermal speed, Ω i is the gyro-frequency, k B is the Boltzmann constant, T i is the proton temperature, m i is the mass of a proton, and the subscript ⊥ denotes perpendicular to the background magnetic field. In order to statistically guarantee a reliable scale separation, the upper-limit frequency of the MHD range is defined as f ρi (Bale et al. 2005; Chhiber et al. 2018 ), and the lower-limit frequency of sub-ion scales is defined as 0.8 Hz (the mean of f di plus a standard deviation). Thus, the frequency band is chosen to be [0.02, f ρi ] Hz for MHD scales, and the frequency band in the sub-ion range is chosen to be [0.8, 5.0] Hz for magnetic spectra and [0.8, 2.0] Hz for density and velocity spectra. Based on the burst-mode data, the omnidirectional magnetic spectrum, the ion density spectrum, and the omnidirectional ion velocity are calculated and shown in Figure 1 (h), (i), and (j), respectively. It is clear that the SN for density and velocity spectra are always larger than 10. All three spectra present well-defined two-stage power laws at MHD scales and at sub-ion scales. For magnetic spectrum shown in Figure 1 (h), the spectral breaks at ∼0.25 Hz, nearf ρi . At MHD scales, the spectrum scales as ∼ f −0.96 , shallower than the f −5/3 (Kolmogorov 1941) or f −3/2 (Iroshnikov 1964; Kraichnan 1965) predictions from MHD, which is consistent with previous results (Czaykowska et al. 2001; Huang et al. 2017; Macek et al. 2018) . The ∼ f −1 spectral scaling is usually regarded as symptomatic of the forcing (or energy injection), which indicates the presence of newly-generated local fluctuations at the vicinity of the bow shock. The spectrum steepens to f −2.87 at sub-ion scales, close to many previous observations in the magnetosheath (Huang et al. 2014; Macek et al. 2018) . In principle, the formation of a Kolmogorov-like spectrum in the inertial range requires sufficient time (comparable to the nonlinear time) to develop (Chhiber et al. 2018 ). However, the transit time from the bow shock to the MMS-1 location is too short for this fully development, due to the close proximity to the bow shock. For density spectrum shown in Figure 1 (i), the spectral breaks at ∼0.5 Hz. A significant spectral steepening from f −1.88 at MHD scales to f −3.23 at sub-ion scales is observed. As shown in Figure 1 also found that the f −5/3 (Kolmogorov-like) magnetic spectra in the frequency range ∼ [10 −4 , 10 −1 ] Hz is only observed away from the bow shock to the flank and magnetopause, which is consist with our results.
Here, we present a clear picture of this spatial evolution of MHD turbulence in the magnetosheath and, more importantly, the inverse dependences of magnetic-filed and ion-velocity spectral indices on M A .
From the bow shock to the magnetopause
To study the radial evolution of turbulent spectra inside the magnetosheath, the fractional distance between the spacecraft and the magnetopause (D frac ) is calculated as proposed by (Verigin et al. 2006 )
where r sc , r mp and r bs are radial distances of the spacecraft, the Earth's magnetopause and the bow shock away from the Earth center. r sc is obtained from the MMS-1 observation directly. r mp and r bs can be derived from the empirical models (Shue et al. 1997; Chao et al. 2002) with given upstream solar wind conditions provided by the OMNI data. The comparison of the quasi-parallel and quasi-perpendicular magnetosheath is also done here. Based on the bow shock model (Chao et al. 2002) and the OMNI data of upstream solar wind with a 5-min temporal resolution, the angle Θ Bn between the interplanetary magnetic field (IMF) and the normal of the bow shock surface corresponding to each data segment is calculated. Note that, the location of MMS-1 is projected to the bow shock along the Earth's radial direction. To reduce the uncertainties, the quasi-parallel and quasi-perpendicular magnetosheath is defined as Θ Bn < 30 • and Θ Bn > 60 • , respectively. Evolution of magnetosheath turbulence from the bow shock to the magnetopause is shown in Figure 3 .
For the quasi-parallel magnetosheath, the magnetic, density and velocity spectra at MHD scales systematically and monotonically steepens from the bow shock to the magnetopause. The mean value of spectral index for magnetic spectra changes from -1.46 in the vicinity of the bow shock to -1.94 in the vicinity of the magnetopause. For density and velocity spectra, it changes from -1.87 to -2.44 and from -1.92 to -2.18, respectively. At sub-ion scales, in-distinctive opposite trends of radial evolution are observed. For the magnetic spectra, the spectral slope changes from -2.84 in the vicinity of the bow shock to -2.71 in the vicinity of the magnetopause. For the density and velocity spectra, the spectral index changes from -2.97 to -2.95 and from -2.97 to -2.81, respectively. Compared to the relative large standard deviation, these differences are not significant. The break frequency for magnetic and velocity spectra increases with approaching the magnetopause, from 0.24 to 0.33 Hz and from 0.32 to 0.43 Hz, respectively. For the density spectra, it remains around 0.3 Hz. For the quasi-perpendicular magnetosheath, the results are overall similar, except for some differences: (1) For the density and velocity spectra, the steepest spectra at MHD scales occur in the middle magnetosheath but not at the magnetopause, and the spectral slope in the bow shock vicinity is flatter than that at the magnetopause;
(2) For the magnetic spectral, the break frequency is overall larger than that in the quasi-parallel magnetosheath. The lowest value, 0.31 Hz, occurs in the middle magnetosheath.
In the vicinity of the bow shock and the magnetopause, no clear difference is found, around 0.41 Hz.
At MHD scales, the magnetic, density and velocity spectra generally steepen as approaching the magnetopause, especially for quasi-parallel magnetosheath. Similar findings have been reported for the magneticfield spectra (Czaykowska et al. 2001; Shevyrev et al. 2006; Sahraoui et al. 2006 ) and the ion-flux spectra (Shevyrev et al. 2006 ), but not for the ion density and velocity spectra. At sub-ion scales, the magnetic spectra flatten from the bow shock to the magnetopause, which is consistent with the result of Rezeau et al. (1999) . The average spectral index is -2.79 in quasi-parallel magnetosheath and -2.78 in quasi-perpendicular magnetosheath, respectively, which coincides with the result of previous case study (Breuillard et al. 2018) and agrees with the prediction of kinetic Alfvén waves and whistler turbulence models. (Rakhmanova et al. 2018b) showed that the kinetic-scale ion-flux spectra have steeper indices in the bow shock vicinity than near the magnetopause, from -3.2 to -2.8 in quasi-perpendicular and from -3.4 to -3.0 in quasi-parallel magnetosheath with an averaged standard deviation of 0.4∼0.5. However, no significant differences are found from the bow shock to the magnetopause by considering the large standard deviations in our study.
One possibility is that Rakhmanova et al. (2018b) focused on the ion-flux, while the density and velocity are investigated separately in this study. Besides, the different numbers of cases might contribute as well.
Compared to (Rakhmanova et al. 2018b ), less cases (59 vs. 174) in the vicinity of the bow shock and more cases (376 vs. 237) in the vicinity of the magnetopause are used here. Moreover, Rakhmanova et al. (2017) showed that the break frequency of ion-flux spectra increases from 0.25 Hz in the bow shock vicinity to 0.4 Hz in the magnetopause vicinity, which is similar to our result of velocity spectra, from about 0.3 to about 0.4 Hz. Note that, these values are much lower than 0.6-0.8 Hz for ion-flux spectra as shown by The results for sub-ion scales are accordingly given in panels (c), (e), (g). The color of spots indicates the local time.
The black horizontal line represents the mean value for each bin, and the vertical line represents the standard deviation.
CC represents the correlation coefficient between the spectral slope and log 1 0M turb . increase from -1.9, -2.8, -2.6 for M turb < 0.08 to -1.6, -1.8, -2.0 for M turb > 0.6, respectively. The right three panels accordingly give the results for sub-ion scales. Compared to MHD scales, negative correlations between the spectral indices and M turb are found at sub-ion scales, with CC = -0.20, -0.21, and -0.37 for magnetic, density and velocity spectra, respectively. These are consistent with the results shown in Figure   3 , especially in the quasi-parallel magnetosheath.
As shown in Figure 1 (h) and Figure 4 (b) , there exist some f −1 -like magnetic spectra at MHD scales. Huang et al. (2017) suggested that the random-like fluctuations generated behind the bow shock might lead to the formation of such f −1 -like magnetic spectra. The steepening of magnetic spectral slope at MHD scales from the bow shock to the magnetopause is consistent with the turbulence evolution picture that the turbulences downstream of the bow shock undergoes energy injection processes induced by, e.g. ion beams (Lucek et al. 2005) , forming shallower magnetic-field spectra at MHD scales, and then evolves to more fully-developed turbulences near the magnetopause. Early observations suggested that compressible turbulence in fast solar wind produces rather flat density spectra (Marsch & Tu 1990 ) and showed a good correlation between density fluctuations and sonic Mach number (Klein et al. 1993 ). In the context of compressible MHD turbulence, small high-density compressed regions associated the slow and fast modes are thought to dominate the flattened spectrum (Lithwick & Goldreich 2001) . In supersonic regime, numerical simulations of hydrodynamic and MHD turbulence revealed that the density spectrum in the inertial range flattened when the root-mean-square sonic Mach number increases, while the change of velocity spectrum was the opposite Kritsuk et al. (2007) ; . Later, Banerjee & Galtier (2013) attributed those results to the variability of energy cascade rate due to compressibility. As shown in Figure   4 (d) , the density spectral indices at MHD scales are found to flatten with the increasing of M turb , which is consistent with previous numerical and experimental studies in supersonic regime (Kritsuk et al. 2007; Konstandin et al. 2016; White et al. 2019 ). However, velocity spectral indices at MHD scales also flatten with the increasing of M turb , in contrast to the results in supersonic turbulence (Kritsuk et al. 2007; . Note that, M turb is always less than 1 in the magnetosheath. Our result might expand our knowledge on sub-sonic compressible MHD turbulence in the magnetosheath and contribute to understand the transition from sub-sonic to supersonic regime. and M A or M turb are found under different upstream solar wind conditions. In additionno systematical differences of the spectral indices as a function of M A and M turb are found as well, which is not shown here. Those results indicate that the spatial evolution of magnetosheath turbulence might be independent of the upstream solar wind conditions.
SUMMARY
The Earth's magnetosheath is a highly turbulent region bounded by the bow shock and the magnetopause, within which the solar wind reduces from supersonic to subsonic after crossing the bow shock, and returns to supersonic in the flanks. Thus, it provides a good natural laboratory to investigate the spatial evolution of solar wind turbulence from a small Alfvén Mach number, M A , to a large M A . By means of simultaneous observations of magnetic field and plasma moments with unprecedented high temporal resolutions provided by the MMS mission, especially 1841 burst-mode segments of MMS-1 from 2015/09 to 2019/06, the spatial evolution of magnetosheath turbulence at both MHD and sub-ion scales is statistically studied from two aspects here.
From sub-solar region to the flanks, M A increases accordingly. The spectral index of magnetic spectra at MHD scales changes from -2 for M A < 0.8 to -3/2 for M A > 5, presenting a positive correlation with M A .
For the density spectra at MHD scales, the spectral index remains ∼ -7/3 for different M A . The spectral index of velocity spectra at MHD scales changes from -2 for M A < 0.8 to -5/2 for M A > 5, presenting a negative correlation with M A . At sub-ion scales, no obvious relations between the spectral index and M A are found for all the three kinds of spectra.
The evolution of magnetosheath turbulence from the bow shock to the magnetopause is investigated as well. Two parameters are use to represent the relative distance of the spacecraft from the bow shock or to the magnetopause. One is the widely used fractional distance, D frac . The other is the turbulent sonic Mach number, M turb , which generally decreases from > 0.4 in the bow shock vicinity to < 0.1 near the magnetopause. At MHD scales, the magnetic, density and velocity spectra steepen from the bow shock to the magnetopause, especially in quasi-parallel magnetosheath. The mean value of spectral index for magnetic spectra changes from -1.46 in the vicinity of the bow shock to -1.94 in the vicinity of the magnetopause. For density and velocity spectra, it changes from -1.87 to -2.44 and from -1.92 to -2.18, respectively. At sub-ion scales, in-distinctive opposite trends of radial evolution are observed. All the three kinds of spectra present a slight flattening from the bow shock to the magnetopause. Furthermore, the spectral indices are found to be positively correlated with M turb at MHD scales, and negatively correlated with M turb at sub-ion scales.
The break frequency of magnetic and velocity spectra increases with approaching the magnetopause, from 0.24 to 0.33 Hz and from 0.32 to 0.43 Hz, respectively. For the density spectra, it remains around 0.3 Hz.
Similar results, except for some differences, are found in quasi-perpendicular magnetosheath.
